Every general relativity textbook emphasizes that coordinates have no physical meaning. Nevertheless, a coordinate choice must be made in order to carry out real calculations, and that choice can make the difference between a calculation that is simple and one that is a mess. We give a concrete illustration of the maxim that "coordinates matter" using the exact Schwarzschild solution for a vacuum, static spherical spacetime. We review the standard textbook derivation, Schwarzschild's original 1916 derivation, and a derivation using the Landau-Lifshitz formulation of the Einstein field equations. The last derivation is much more complicated, has one aspect for which we have been unable to find a solution, and gives an explicit illustration of the fact that the Schwarzschild geometry can be described in infinitely many coordinate systems.
I. INTRODUCTION
Every student of general relativity is taught that coordinates are irrelevant to physics.
The principle of general covariance, upon which general relativity is built, implies that coordinates are simply labels of spacetime events that can be assigned completely arbitrarily (subject to some conditions of smoothness and differentiability). The only quantities that have physical meaning -the measurables -are those that are invariant under coordinate transformations. One such invariant is the number of ticks on an atomic clock giving the proper time between two events.
Yet apart from some highly abstract mathematical topics, virtually everything covered in a typical course in general relativity uses coordinates. The reason is simple: it's hard to do explicit calculations -derivatives, products, sums -without coordinates. It is here where coordinates matter 1 .
Indeed the choice of coordinates can be critical when it comes to trying to solve Einstein's equations for situations of interest. In linearized general relativity, for example, the use of coordinates defined by the Lorenz gauge leads to a simple wave equation.
The choice of coordinates is critical even for the oldest and most famous exact solution of Einstein's equations, the Schwarzschild metric. Schwarzschild's choice of coordinates was not the one used in standard textbook treatments, yet it did permit him to find the solution in a straightforward way, very shortly after the publication of Einstein's initial papers on general relativity [2] [3] [4] . On the other hand, his coordinate choice led to considerable confusion about the nature of what came to be known as the "Schwarzschild singularity".
Schwarzschild found his solution by solving the vacuum field equations in the form R µν = 0, where R µν is the Ricci tensor constructed from the metric. But there is a rather different formulation of Einstein's equations, known as the Landau-Lifshitz formulation 5 . In this version of Einstein's equations, the basic variable is not the spacetime metric g µν , but the "gothic inverse metric", g αβ ≡ √ −gg αβ , where g is the determinant of g µν . After adopting a coordinate system specified by the four conditions ∂ β g αβ = 0, called harmonic gauge, one can write the Einstein equations as a flat spacetime wave equation for g αβ , whose source consists of the energy-momentum tensor for matter, plus terms that, with one exception, are quadratic in first derivatives of g αβ .
During the past 35 years, this formulation of general relativity has been developed exten-sively as the basis for post-Newtonian theory, post-Minkowskian theory, and gravitationalwave physics. This is because, in a weak-field approximation, one can write
where η αβ is a background Minkowski metric and where the field h αβ is "small" in a suitable sense. Since the right-hand-side of the wave equation consists of matter terms or terms that (for the most part) are quadratic in derivatives of h αβ , the equation can be iterated, leading to successively higher-order approximations for the field.
This approach has found its fullest utility in the program of calculating the orbital evolution of inspiralling binaries of compact objects (black holes or neutron stars) and the gravitational waves emitted, to very high orders in a post-Newtonian (PN) expansion beyond the lowest-order Newtonian motion and the lowest-order quadrupole formula for radiation. It is commonplace today to see equations of motion for such binaries displayed through 3.5 PN order (O(v/c) 7 beyond Newtonian gravity) and the gravitational waveform and the evolution of the orbital frequency displayed to similar orders beyond the leading terms 6 . The effects of spin have also been incorporated to high post-Newtonian orders. Post-Newtonian theory has proven to be "unreasonably effective" (in the words of Eugene Wigner), for example in accurately describing such inpirals well into a regime where the fields are not so weak and the orbital motions are not so slow, matching smoothly onto results from numerical relativity, which then describes the final inspiral and merger of the two compact bodies 7 .
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II. THE "TEXTBOOK" SOLUTION
The standard textbook solution begins by exploiting the spherical symmetry of the problem to show that the metric can always be written in the form
Here θ and φ are the standard coordinates of the two-sphere, r S has the interpretion of being C/2π, where C is the physically measured circumference of a surface of constant r S , t and φ, or A/4π, where A is the physically measured area of a surface of constant r S and t.
It is often called the Schwarzschild radial coordinate. The functions Φ(r S ) and m(r S ) are arbitrary functions of the radial coordinate; to be fair, the form of g r S r S has been chosen with considerable hindsight, yet it is still an arbitrary function of r S . We assume for simplicity that the metric is static (the form shown in Eq. (1) turns out to be also valid for a dynamical spherically symmetric spacetime, by allowing Φ and m to be functions of time t as well as of r S ).
Given the metric, it is relatively straightforward to calculate the Christoffel symbols, the Riemann and Ricci tensors, the Ricci scalar, and the Einstein tensor. These days, in fact, one obtains these tensors using well-known software packages. The vacuum Einstein equations are most simply expressed as G µ ν = 0, of which the only non-trivial equations are
The solutions are immediate, and after imposing the boundary condition that Φ(r S ) → 0 as
yielding the canonical form of the vacuum Schwarzschild metric,
By examining the orbits of test bodies far from the center, one identifies M as the so-called
Kepler-measured mass of the body. Under the stated conditions, the solution is unique, up to the parametrization by the mass M.
This solution is so iconic that few textbooks even mention the existence of other radial coordinate systems, such as the isotropic coordinate r iso , related to the Schwarzschild coordinate r S by r S = r iso (1 + M/2r iso ) 2 , in which the spatial part of the metric is proportional to the Euclidean metric, or the harmonic coordinate r H = r S − M (more on r H later).
III. SCHWARZSCHILD'S SOLUTION OF 1916
In the fall of 1915, Karl Schwarzschild was already a well-known German astronomer, di- By the time he published the fully developed theory of general relativity in May of 1916, he had given up this notion and fully embraced the concept of general covariance, the idea that any coordinate system is allowed and that coordinates have no physical significance.
But based on the November 1915 papers that were available to him, Schwarzschild was forced to find a solution using coordinates in which g ≡ det(g µν ) = −1. This was awkward, because even in flat spacetime in spherical coordinates, g = −ρ 4 sin 2 θ, where we will use ρ provisionally to denote the radial coordinate. Schwarzschild got around this by defining a new radial coordinate x = ρ 3 /3 and a new angular coordinate ψ = − cos θ. In these coordinates, the metric of flat spacetime has the form
for which g = g 00 g xx g ψψ g φφ = −1. The (t, x, ψ, φ) coordinates are thus a privileged set of coordinates, in Einstein's view.
To solve Einstein's equations in static spherical symmetry, Schwarzschild then proposed the metric
where f 0 , f 1 and f 2 are functions only of x, along with the requirement that f 0 f 1 f 2 2 = 1. The asymptotically flat boundary conditions he imposed were f 0 → 1, f 1 → ρ −4 and f 2 → ρ 2 as
Given the form of the metric it is again straightforward, either by hand or by software, to calculate the tensors needed for Einstein's equations. Interestingly, the condition g = −1
makes the vacuum field equation R µν = 0 rather simple in the privileged coordinates, namely
where Γ α µν are the Christoffel symbols. As before, only the (00) and (xx) components of Einstein's equations are needed, together with the condition f 0 f 1 f 2 2 = 1, and the solution can be found by simple means. The result
where one constant of integration has been fixed to be 2M by examining the metric far from the source; b is a second constant of integration. Schwarzschild noticed that by defining a new variable
he could put the metric (6) into a simpler form, which is precisely Eq. (4).
But Schwarzschild went on to address the integration constant b. He demanded that the metric be regular everywhere except at the location of the mass-point, which he assigned to be at ρ = 0, where the metric should be singular. This fixed b = (2M) 3 . This choice resulted in considerable confusion about the nature of the "Schwarzschild singularity", which was not cleared up fully until the 1960s 11 . Because we now are attuned to the complete arbitrariness of coordinates, we understand that ρ = 0, or r S = 2M is not the origin, but is the location of the event horizon, while ρ = −2M, or r S = 0 is the location of the true physical singularity inside the black hole 12 .
The unusual radial coordinate x was forced on Schwarzschild by Einstein's constraint g = −1, nevertheless it led to a quite simple derivation of the exact solution. In the next section, we will encounter a very different approach that yields a much more complicated set of equations and an interesting surprise.
IV. SOLUTION USING THE LANDAU-LIFSHITZ FORMULATION
Einstein's equations can be formulated in an alternative manner, sometimes called the Landau-Lifshitz (LL) approach, or the "relaxed" Einstein equations. The basic variable is not the metric g µν , but the "gothic inverse metric",
One next adopts a coordinate system specified by the four conditions
We will refer to this coordinate system as the harmonic gauge (it is also known as deDonder gauge). Einstein's equations can then be written in the form
where 1, 1, 1 ) the Minkowski metric; T αβ is the energy-momentum tensor of matter; t αβ LL is the Landau-Lifshitz pseudotensor, given, after imposing the gauge condition, by
and t αβ H is an additional pseudotensor related to the imposition of harmonic gauge, given by
Equation (12) is exact, and is completely equivalent to Einstein's equations, G µν = 8πT µν .
The first step is to write down a form for the metric. The LL formulation is defined to work in Cartesian-like coordinates, in which η αβ = diag(−1, 1, 1, 1). We define the spatial vector x i , the Cartesian metric δ ij , with r 2 ≡ δ ij x i x j , and the unit vector n i ≡ x i /r. We write down a general form for the gothic inverse metric g αβ appropriate for static spherical symmetry:
where P jk := δ jk − n j n k projects to the subspace orthogonal to n j . (The student is asked to justify this form.) The choice of P jk and n j n k as the two spatial tensors instead of δ jk and n j n k is made purely for convenience; with this choice, the inverse g αβ has the same form as
Eq. (15), but with the coeffients 1/N, 1/α and 1/β, respectively.
The harmonic gauge condition ∂ β g αβ = 0 leads to the constraint
where "prime" denotes a radial derivative, d/dr = n j ∂ j . Just as before, then, there are two functions to be determined from Einstein's equations. We must solve those equations subject to the boundary conditions N(r) → −1, α(r) → 1 and β(r) → 1 as r → ∞.
The left-hand side of the relaxed equations become g 00 = ∇ 2 N and g jk = ∇ 2 g jk .
On the right-hand side the matter energy-momentum tensor T αβ vanishes, and the LandauLifshitz and harmonic pseudotensors have the form
Note that ∇ 2 N and ∇ 2 g jk actually cancel between the left-hand and right-hand sides of the field equations, while N ′′ and α ′′ appear elsewhere in the harmonic pseudotensor. The gauge condition (16) has been used liberally to simplify the equations, whose initial forms are much messier than this. Putting together the field equations, equating separately the coefficients of P jk and n j n k in the (jk) components, and defining the new variables
we can put the field equations in the form
where
Combining Eqs. (19a) and (19b) leads immediately to X ′ /X +2Y +4/r = 0, which integrates to r 4 β 2 α ′ /α = C, where C is an integration constant. 
Obtaining the metric from g αβ , we find the final form
This is completely equivalent to the Schwarzschild metric, as can be shown by the simple
In Eq. (22), r is the Harmonic radial coordinate r H .
B. The case C = 0
By combining the equation r 4 β 2 α ′ /α = C with the gauge condition (16), we can obtain a second-order differential equation for β alone given by
where W ≡ r 2 β. The trivial solution W ′ = 0 implies that β ∝ 1/r 2 , which violates the boundary condition β → 1 at infinity. We have been utterly unable to find a closed form or analytic solution to this non-linear differential equation. We have tried a wide range of changes of variables. For example, setting W (r) = e ρ/2 H(ρ) with ρ = ln(r), we get
transformation 13 by setting p(H) = −2dH/dρ, leading to p(H)dp(H)/dH = 4d 2 H/dρ 2 so that the equation is p H 2 dp dH
The immediate guess p(H) = H leads to W (r) = constant which, as we have seen, violates the boundary conditions. We can go further by setting p(H) = q(F ) with
(F − √ F 2 + 16C) to match the flat metric to get an equation of Abel, second type, class B 14 :
This has no known solution. We also tried an inversion, such as writing the equation for r as a function of W ,
All to no avail. Solving the equations as a power series in 1/r, we obtain the approximate
which agrees with Eq. (21) when C = 0, but provides little help toward finding an exact solution.
What could be the meaning of this additional class of solutions to Einstein's equations?
It is clear from both the textbook solution of Sec. II, as well as from more rigorous considerations, that the Schwarzschild metric is unique. Therefore, the C = 0 case cannot correspond to a physically new solution. Accordingly, it must be related to the freedom of coordinates.
To explore this issue, we return to the gauge condition (16). By treating each of the coordinates established by harmonic gauge as a Cartesian coordinate, with the property
, it is easy to show that Eq. (16) can be written in the form 
H is trivially satisfied. In a spherically symmetric geometry, the angular coordinates are clearly unaffected by this gauge choice. Thus, if we express each Cartesian spatial harmonic coordinate as a function of the Schwarzschild coordinate r S , and the angles θ and φ according to
it is simple to show that each wave equation g X 
Choosing B = 0, we recover the relation between the harmonic and Schwarzschild radial Recently, Deser has presented another apparently simple derivation of the Schwarzschild metric using the Arnowitt-Deser-Misner (ADM) formalism, leading to the metric in isotropic coordinates 15 .
